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This paper discusses the research that was done berween Gdbor Turdos and the author
during bis stay at the Rényi Institute from September 2003 until May 2004. It pres-
ents two major Turdn-type results in the field of extremal combinatorics, one in the the-
ory of excluded matrices and the other in topological graph theory.

1. Introduction

Extremal combinatorics has come
into its own as a field of research quite
recently due to its importance in finite
optimization. It is hard to compare
processes if one does not know the
limitations involved in each, and so
the study of these limitations has
become crucial in fields such as Oper-
ations Research and Computer Sci-
ence. This paper discusses a class of
extremal problems known as Turin
type problems, named for Pil Turin,
which include problems that aim to
maximize a certain valuable while
avoiding a given illegal situation.

Section 2 considers a problem con-
cerning the maximum number of 1
entries that can appear in a 0-1 matrix
while stll avoiding a fixed, smaller
matrix. The applications of this prob-
lem are contained mostly in Comput-
er Science, where the effectiveness of
various search and sort algorithms
depend on the number of times it is
forced to deal with certain ordered
configurations. Apart from this, the
result solves one of the most interest-
ing open problems in Enumerative
Combinatorics, and so it is important
in its own right.
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Section 3 studies a situation that arises in
many industrial applications. It is often use-
ful to place as many nodes and node-connec-
tions onto a region without producing a cer-
tain situation. For example, one might hope
to squeeze as many interconnected transis-
tors onto a circuit board without having any
of the connections cross. Our problem takes
a fixed number of nodes and asks how many
connections can occur if we wish to avoid a
self-intersecting cycle of length 4. This
problem has numerous applications in opti-
mization, especially in the decomposition of
pseudocircles into pseudosegments (a
process that cuts a web of interconnected
paths into pieces which maintain a certain
intersection property), which could easily be
useful in problems concerning ground trans-
portation (where the set of routes forms
such a web of paths).

Most importantly, though, each of the
solutions we give uses new techniques in
combinatorics which will hopefully solve
more problems than the two which we will
consider here, and so many of the applica-
tions have yet to be discovered.

2. A Problem in Excluded
Matrices

Extremal graph theory is a well studied
field in combinatorial research, but only
recently has this research been extended by
imposing an order on the vertices. The
order, in fact, makes the problem of finding
subgraphs substantially harder and so far
very few results have appeared in the litera-
ture. Zoltdn Furedi and Péter Hajnal [4] first
considered ordered bipartite graphs by using
matrix representation and since then
progress has been made by Tardos [10].

The first result presented in this paper is a
joint work between Gébor Tardos and exam-
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ines the extremal problem of how many 1
entries an #Xn 0-1 matrix can have that
avoids a certain fixed submatrix P. For any
permutation matrix P we prove a linear
bound, settling a conjecture of Fiiredi and
Hajnal [4]. Due to the work of Martin
Klazar [8], this also settles the conjecture of
Stanley and Wilf on the number of #-permu-
tations avoiding a fixed permutation and a
related conjecture of Alon and Friedgut [1].

2.1 Introduction

"This paper settles three related conjectures
on avoiding smaller patterns. To state the

conjectures we define the term “avoiding”
in several contexts.

Definition 1. Let 4 and P be 0-1 matrices.
We say that A contains the k X/ matrix P=(p;)
if there exists a & X/ submatrix B=(b;) of A
with b;=1 whenever p; =1. Otherwise we say
that A avoids P. Notice that we can delete
rows and columns of A to obtain the subma-
trix B but we cannot permute the remaining
rows and columns. If A contains P we iden-
tify the entries of the matrix A correspon-
ding to the entries 4, of B with p; = 1 and say
that these 1 entries of A represent P.

Let [#] ={1, 2, ..., n}. A permutation of [#]
is called an n-permutation. We say that an z-
permutation o contains a k-permutation 1 if
there exist integers 1 = a; <a, <. ..
such that for 1 <4, j < # we have ¢ (x;)) 0 <
(x;) if and only if m (7)) < ().

Otherwise we say that o avoids 1.

The set of finite sequences (words) over [7]
is denoted by [#]*. A sequence @ = a4, . ..
[n]* contains the sequence b=b,b, ... b, € [m]*
if there exist indices 1=x; < &, <... < x,</ such
that for 1 <4, j < k we have

< X I

Otherwise we say that & avoids b.
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y, < dy, if and only if 4; < ;.

Note that these notions are intimately
related. Clearly the word o(1)o(2) .. . o(n)
will contain the word m(1)r(2) ... (k) if and
only if the n-permutation o contains the &-
permutation 17, which happens if and only if
the permutation matrix of ¢ contains the
permutation matrix of 1.

Definition 2. For a 0-1 matrix P let f{n, P)
be the maximum number of 1 entries in an 7
X 7 0-1 matrix avoiding P.

For a permutation m let S,(r) be the num-
ber of m-permutations avoiding m. A
sequence 44, . .. 4, is considered k-sparse if i
<J, a; = a;implies j - i = k. For a sequence b
€ [m]* and k = m let [,(b, ) be the maximum
length of a k-sparse word in [] avoiding &.

"The main result of this paper is the follow-
ing theorem proving the Fiiredi-Hajnal con-
jecture (originally posed in [4]).

Theorem 1. For all permutation matrices
P we bave f(n, P) = O(n).

By a result of Martin Klazar [8] (which we
reproduce in Section 2.3) the above result
proves the Stanley—WIilf conjecture (stated
here as Corollary 2) and the
Alon-Friedgut conjecture (stated here as
Corollary 3), which was originally posed in
[1]. The Stanley—Wilf conjecture was for-
mulated by Richard Stanley and Herbert
Wilf around 1992 but it is hard to find an
exact reference. An even earlier source is the
PhD thesis of JulianWest [11] of 1990 where
he asks about the growth rate of Sn(r). His
question 3.4.3 is more specific; he asks if
Sn(rr) and Sn(r”) are asymptotically equal for
k-permutations m and 7. Mikl6s Bona [2]

also

showed that this conjecture was too strong,
however, by finding 4-permutations 7 and i~
with Sn(r) and Sn(m’) displaying different
growth rates. Nevertheless, it shows a direct
interest in asymptotic enumerations of this

kind.

Corollary 2. For all permutations there
exists a constant ¢ = ¢, such that Sn(r)< c.

Corollary 3. For a k-permutation o and
word a = o(1) 6(2) ... o(k) we bave I,(a, n)
=0(n).

Several special cases of the above conjec-
tures have already been established. B6na [3]
proved the Stanley—Wilf conjecture for /ay-
ered permutations m, that is, for permuta-
tions consisting of an arbitrary number of
increasing blocks with each of elements of a
block smaller than the elements of the previ-
ous block. Approximate versions of all con-
jectures were also established. Using anoth-
er result of Klazar [5] on generalized Daven-
port-Schinzel sequences Alon and Friedgut
[1] showed approximate versions of their
own conjecture and the Stanley-Wilf con-
jecture where the linear and exponential
bounds were replaced by O(ny(r)) and
200y@), respectively, with an extremely slow
growing function y related to the inverse
Ackermann function. In Section 2.2 we give
a surprisingly simple and straightforward
proof of Theorem 1. For the reader’s con-
venience we reproduce Klazar’s argument on
how this result implies the Stanley-Wilf
conjecture in Section 2.3. In Section 2.4 we
present a multidimensional extension of

Theorem 1 in the form of hypergraphs.
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2.2 Proof of the Fiiredi-Hajnal
conjecture

Theorem 1 is proved by establishing a lin-
ear recursion for f(n, P) in Lemma 7, that in
turn is based on three rather simple lemmas.
We partition the matrix into blocks. This
idea appears in several related papers, e.g. in
[8], but we use larger blocks than were pre-
viously considered.

Throughout these lemmas, we let P be a
fixed kXk permutation matrix and 4 be an
nXn matrix with f(n, P) one entries which
avoids P We assume 42 divides #. We define
to be the square submatrix S; = {#,; € A : i’
€ [k2i+1, R2(+1)], j € 2 [kF+1, k2(j+1)]}.

We let B = (b;) be an (n/k?) X (n/k?) 0-1
matrix with b; = 0 if all entries of S, are zero.
We say that a block is wide (respectively tall)
if it contains 1 entries in at least # columns
(respectively rows).

Lemma 4. B avoids P.

Proof. Assume not and consider the k
l-entries of B representing P. Choose an
arbitrary 1-entry from the k corresponding
blocks of A. They represent P, contradicting
the fact that A avoids P

Lemma 5. Consider the set (colummn) of blocks
Cj = {Sij :i = 1... &5 }. The number of blocks
in C; that are wide is less than k(’zz)

Proof. Assume not. By the pigeonhole prin-
ciple, there exist k blocks in C; that have a

1 in columns¢; <6 <...< ¢ LetSd,j, cee
S.uj be these blocks with 1 < d, <d, <

...<dy = n/k?. For each 1-entry p,,, pick any
l—entry in column ¢, of S;,;. These entries of
A represent P, a contradiction.

Lemma 6. Consider the set (row) of blocks

Ri={Sij'.j= 1... Lﬂ_z}

The number of blocks in R; that are tall is
less than k(’:)
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Proof. The same proof applies as for Lem-
ma 5.
With these tools, the main lemma follows:

Lemma 7. For a kX k permutation matrix
P and n divisible by k2 we bave

n 2
f(n,P)< (k- 1)2fk—2,P+2k3<]2)n:

Proof. We consider three types of blocks:
X1 = { blocks that are wide }.

| X < k%k(k;) by Lemma 5.

X, = {blocks that are tall }.
1X5| < 2k (k;) by Lemma 6.

X5 = {nonempty blocks that

are neither wide nor tall }.

|X;5| £ f(&,P) by Lemma 4.

® X1 = { blocks that are wide }.

"This includes all of the nonempty blocks.
We bound f (n, P), the number of ones in 4
by summing estimates of the number of ones
in these three categories of blocks. Any
block contains at most k* [-entries and a
block of X; contains at most (k-1)2
l—entries.

f(n, P) S kHXy| + KXo| + (k- 1)%|X5]
K n
3 2 _
< 2k (k) "+ (k—l)f(kz,P)

Solving the above linear recursion gives the
following Theorem and also Theorem 1.

We did not optimize for the constant factor
here.

Theorem 8. For a kXk permutation
matrix P we bave

F(n P) S 2% (i) n.
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Proof. We proceed by induction on #. The
base cases (when n =< k2) are trivial. Now
assume the hypothesis to be true for all
n < n, and consider the case n = =,

F(n, P) S f(n',P)+ 2k%n S (k—1)2f<n/ P) + z;é(k

n

2 - 2 2 2
s(k—1)2[2k4 (k )—]+ 23 (k )n'+ Wn S (k- 12+ kel (k )n < 2k4<k)n

k/ k? k

where the last inequality is true for all £ = 2.

2.3 Deduction of the
Stanley-Wilf conjecture

For the reader’s convenience (and to show
the similarities of the two proofs) we sketch
here Klazar’s argument [8] that the Firedi-
Hajnal conjecture implies the Stanley—Wilf
conjecture.

Definition 3. For a 0—1 matrix P let T,(P)
be the set of zXn matrices which avoid P.

As we noted in Section 2.1, a permutation
o avoids another permutation 1 if and only if
the permutation matrix corresponding to o
avoids the permutation matrix correspon-
ding to m. Thus if P is the permutation
matrix of the permutation m, then T,(P)
contains the permutation matrices of all »-
permutations avoiding . In particular we
have 1 T,(p)1= S, ().

Assuming the Firedi-Hajnal conjecture
Klazar proves the following stronger state-
ment, which in turn implies Corollary 2:

We let #” be the largest integer less than or
equal to # which is divisible by #2. Then by
Lemma 7, we have:

2
)n’ + 2kn

k2’ k

k k

Theorem 9. For any permutation matrix

P, there exists a constant c depending on P
such that 1T, (P)| < cn.

Proof. Using f(n, P) = O(n) the statement of
the theorem follows from the following sim-
ple recursion: 1T5,(P)| < | T,(P)|15fnP),

"To prove the recursion we map 75,(P) to
T,(P) by partitioning any matrix 4 € T5,(P)
into 2 by 2 blocks and replacing each all-
zero block by a O—entry and all other blocks
by l-entries. As we saw in Lemma 4 the
resulting # by # matrix B avoids P. Any
matrix B € T,(P) is the image of at most 15v
matrices of 75,(P) under this mapping where
w is the number of 1 entries in B. Here
ws f(n, P) so the recursion and the Theorem
follow.

The reduction also provides a nice charac-
terization in the theory of excluded matrices:

Corollary 10. Let P be a 0-1 matrix. We
bave log(1 T, (P)|) = O(n) if and only if P
has at most a single 1 entry in each row and
column.

Proof. The matrices in the characterization
are the submatrices of permutation matrices.

For these matrices log(1T,(P)1) = O(n) fol-
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lows from Theorem 9. For other matrices P,
T,(P) contains all of the » X » permutation
matrices (a total of n/), so log(IT,(P)|) = Q(n
log ).

2.4 Multi-dimensional extension

We define the term “avoiding” in one final
context.

Definition 4. We denote the set of d-uni-
form, d-partite hypergraphs H(VJE) with
(ordered) partitions H; .= Hj each isomor-
phic to [#] asH (n, d).

,,,,,

Let H(VE) EH(n, d).

For an edge e € E we define the projection
function me) = e \ H,. We extend this defini-
tion so that m(H) €H (n, d - 1) is the hyper-
graph with vertex set V' \I, and edge set
{m(e) : e € E}. Similarly to the extended def-
inition, we define mr/ () EH.(n, d - 1) to be
the hypergraph with vertex set V' - H, and
edge set {rm(e) : e € E, e N H, = j}.

We define H - H, €EH (n, d - 1) to be the
hypergraph with vertex set "= H \ H, and
edge set E"={e \ H, : ¢ € H}. For an edge f
€ E’, we define the functiont,(f) ={¢ EE:
e\ H, =f}. In a way, t(f) is the set of preim-
ages of the edge f-

We will call a hypergraph P €H (n, d) a per-
mutation hypergraph if every point is covered
by exactly one edge. We will write P (%, d)
C H(k, d) to denote this subset and we define
fln, k, d) = maxpepy 4 fn, P).

For two hypergraphs 4 € H (n, d) and
B €H (k, d), we say that A contains B if there
exists a hypergraph 4 C A which is order
isomorphic to B. Notice that we can delete
vertices and edges of 4 to obtain 4" but we
cannot permute the remaining vertices. If 4
contains B we identify the edges of 4 which
are order isomorphic to B and say that these
edges represent B.

Note that these notions reduce to the orig-
inal theorem for the case d = 2. It is also
informative to note the similarity to the
notions discussed by Klazar in [6] and [7].

Theorem 11.

fin, P) = O(n#1) for all P € P(k, d).

2.5 Proof of the Theorem
in Multidimensions

Throughout these lemmas, let 4 > 2 and let
P € P(k, d) be a fixed permutation hyper-
graph. Furthermore, we assume that # is a
multiple of 7 = k4#+! and consider a hyper-
graph H(VE) €} (n, d) that has f{n, P) edges
and that avoids P.

We partition the edges into the following
“blocks” :

S={S;.i, i1y 3ia €0, on/m } = {e EE : e NH, € [mi, + 1,m(i, + 1)]Vt € [d]}.

Given a block partition of edges S we will
construct the block hypergraph

By(V,Eg) € H(n/m, d) such that (7, ..., iy)
€ Es if and only if S;;_;; is non-empty. We
define the mapping [ : Eg > S which maps
the edge (iy, - . ., i) € Es to the block S;;... .
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We say that a block S is r-large if
ISNH,| = k.

Lemma 12. B avoids P.
Proof. Assume not and let the edges #,, .. .,
by represent P in B. For each b;, choose an
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arbitrary edge from p(#;). They represent
P, contradicting the fact that H avoids P.

Lemma 13. Let g € [k] and p" € P - Pq.
Then P-PgE Pk, d-1) and~,(p’) is a

single edge.

Hence when one “squashes” P, the new
hypergraph is a permutation hypergraph
and each new edge is the contraction of
exactly one edge in P.

Lemma 14. Consider the set of blocks

T’ = {(S;1.5a : 1 = 7). The number of blocks in
this set which are t-large is less than
fn/m, kyd-1) ().

Proof. Assume not. Then for each block S
in 7 we have 1S N H,| =k and for any edge
in S there are 7 choices for e N H,. So by the
pigeonhole principle, there exist a set of
blocks U={U;:i €1, ..., f(n/m, k, d - 1)}
and integers ¢; < ¢; < ... < ¢ such that {c, . .
., 0l CUNH, forall U € U.

Now consider the block hypergraph
By(Vy,Ey). For every block Uj, there is an

edge in Ey;, so | Eyl = f(n/m, k, d - 1) and By,
Cm(BS)€ H (n/m,d-1). Now let P"=m,(P)
€ Pk, d - 1) (by Lemma 13). By cannot
avoid P~ since By, has more than f(n/m, k, d
- 1) edges (and by Lemma 12), so let &, ...,
by be the edges in Ey that represent the

edges p7, ..., p% € P, respectively and
define S; = p(§,) fori=1,...,4d.

Then S,,...,S, CUso{c;,...,} CS;N H,
foralli€1,..., k. Also, if one chooses a sin-

gle edge from each from each of these blocks,
these edges represent P”. So for each edge p’
€ P’ let p; = t(p7) (a single point in P by
Lemma 13) and lety; = p; N P,. Finally, choose
edges ¢; € S;so thate; N H, = y;.

Clearly the ¢; contain the same order as the
p; in all of the partitions except the ¢-th par-
tition, since S}, ..., S, were chosen in that
manner. Furthermore, the t-th partition has
the same order since the edges themselves
were chosen from their respective blocks
with that property. Hence the ¢; represent P
in H, a contradiction.

Lemma 15.

Fnkod) S (k= DYF ol d) + dnkf (o dyd = 1) (’Z) .

Proof. We consider d+1 types of blocks:

= X, = { blocks that are t-large } for ¢ € [d].
X S Zf(Z, k,d = 1)(7}) by Lemma 14.

= X = { blocks that are not t-large for any t }.

| Xo| £ f(£,k,d) by Lemma 12.

"This includes (with some overcounting) all
of the nonempty blocks. We bound f(#, &, d),
the number of edges in H by summing esti-
mates of the number of edges in these three

categories of blocks. Any block contains at
most 72¢ edges and a block of X)) contains at
most (k - 1)d.

209



Student Conference 2004

d
F, k)< (k= DX+ m? S X, S (k - 1)7(%, b, d) + dnmd'lf(%, kd - 1)(’/’:)

t=1

And since m4! = k4 the lemma follows.
Finding a valid solution for the above linear
recursion gives the following Theorem and
also Theorem 11. We did not optimize for
the constant factor here.

Theorem 16. f(n, k, d) < d*1(7 )dk3dpd-1,
Proof. We proceed by induction on 7 and 4.

The base cases in d (when d = 2) results
from Theorem 11.

The base cases in # (when # < &3) is trivial.

Now assume the hypothesis to be true for
all # < n, and d < d,; and consider the case
n = ny, d = dy. We let n”be the smallest inte-
ger less than or equal to 7 which is divisible
by m = k¥-1 and write p = (, ). Then by
Lemma 15, we have:

Fln, kyd) S f(u'skeyd) + dmn® 'S (k - 1)7(%, k,d) + dpnkdf(%, kd - 1)+ dmn®!

S(k _ l)dd:l+1pdk2dnd—1 + d(d _

l)dmpdk3d—3nd—1 " dmnd—l

Sdnd-l[(l _ %)dddpdk3d+ ddpdde-l] sdd+1pdk3dnd'1 [1 - 1/F + 1/k ] < dd+1pd/€3d7’ld_1

where each inequality is true for d = 2.
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3. A Problem in

Topological Graph Theory

A topological graph is a graph without loops
or multiple edges drawn in the plane (ver-
tices correspond to distinct points, edges
correspond to Jordan curves connecting the
corresponding vertices). We assume no edge
passes through a vertex other than its end-
point and every two edges have a finite num-
ber of common interior points and they
properly cross at each (that is, there are no
points of tangency). The problem we con-
sider was derived from the following prob-
lem, which was first considered by Pinchasi
and Radoiti¢ in [9]:
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Problem 1. How many edges can a topological
graph of n vertices have such that no 4 edges
form a self-intersecting cycle?

They were able to reduce Problem 1 to a
purely combinatorial problem regarding
cyclically ordered sequences, and this is the
problem that we consider.

3.1 Introduction

In this paper we consider cyclically ordered
sequences of distinct symbols from a finite
alphabet. We say that two such sequences
are intersection reverse if the common ele-
ments appear in reversed cyclic order in the
two sequences.

For a vertex v of a topological graph G let
Ls(v) be the list of its neighbors ordered
cyclically according to (the initial segment
of) the connecting edge. Pinchasi and
Radoidi¢ in [9] noticed the following simple
fact:

Fact 1. If the lists LG(u) and LG(v) are not
intersection reverse for the distinct vertices u and
v of the topological graph G then G contains a
self-crossing cycle of length 4. Moreover, u and v
are opposite vertices of a cycle of length 4 in G
that bas two edges that cross an odd number of
times.

Proof. One has to consider the drawings of
the complete bipartite graph K, ; with u and
v on one side and three vertices 4, 4, and ¢ on
the other. If it is not intersection-free then

the topological graph contains self-cross-
ing C,. If it is intersection-free (or every pair
of edges cross an even number of times),
then L(z) and L(v) has 4, b, and ¢ in reverse
cyclic order.

Pinchasi and Radoi¢i¢ used the above fact
to bound the number of edges of a topolog-
ical graph not containing a self-crossing Cj.
They showed that such a topological graph
on 7 vertices has O(n%/5) edges. Following
their footsteps we also use the above property

but improve their bound to O®®3? log ).
This bound is tight apart from the logarith-
mic factor as one has (abstract) simple
graphs on n vertices with Q(n3/2) edges con-
taining no C, subgraph.

In Section 3.2, we discuss the dierences
between our proof and the one in [9] and

discuss some of the notions that we will
need. Section 3.3 presents a new argument
that attempts to take a more visual approach
to the problem. Our main technical result is
the following, which comes as a result of
Theorem 25:

Theorem 17. Let us be given m cyclically
ordered lists of d element subsets of a set of n sym-
bols. If the lists are pairwise intersection reverse,
then

d=0 (ﬁlogn+ \/n_%>

In Section 3.4, we present a result that we
did not use in the proof of the bound, but
feel is an important observation and may

prove useful in further research. All logs are
taken to be binary.

3.2 Preliminaries

Much of the proof follows the argument of
[9]. We start with an overview of their tech-
niques and comment on similarities and dif-
ferences in the present proof. Pinchasi and
Radoi¢i¢ break the cyclically ordered lists
into linearly ordered blocks. They consider
pairs of blocks from separate lists and pairs
of symbols contained in both blocks. They
distinguish same pairs and different pairs
according the two symbols appearing in the
same or in different order. They observe
that any pair of symbols that appear in many
intervals must produce almost as many same
pairs as different pair. On the other hand the
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intersection reverse property forces that two
cyclically ordered lists—unless most of their
intersection is concentrated into a single
block—contributes much more different than
same pairs. Exceptional pairs of cyclically
ordered lists are treated separately with
techniques of extremal graph theory. They
optimize in their choice for the length of the
blocks.

We follow almost the same path, but
instead of optimizing for block length we
consider many block lengths (an exponential
sequence) simultaneously. For two intersec-
tion reverse lists no block length yields sig-
nificantly more same pairs than different
pairs and we will show that some block
length actually gives many more different
pairs than same pairs.

Definition 5. We will always use the term
sequence to denote a linearly ordered list of
distinct symbols and cyclic sequence to denote
a cyclically ordered list of distinct symbols.
Clearly, if one breaks up a cyclic sequence
into blocks, then the blocks are (linearly
ordered) sequences.

A simple case analysis shows that, given
cyclic sequences # and v, there is at most one
pair of blocks (B,,B,) which can contain same
ordered pairs.

Definition 6. We define R’ as follows: If
u has only a single block B, then R,, = B.
Otherwise we define R,, to be the unique
block in # that has a same ordered pair as
some block in v. If 5,, = 0, then we define
R, =;0.

Now given ¢ sequences, we can construct a
t-partite graph G = | J_; 4; with each

partition A, having one vertex for every ele-
ment in the i sequence. We can then con-
nect two vertices if and only if the elements
represented by those vertices are the same.
Furthermore, we give the edges a color.

212

Assume (4, 2”) is an edge from partition A4,
to partition 4,. We color (4, ") red ifa € R,
and a”€ Rz, and blue otherwise. We will call
the set of red edges from 4, to A, #(u, v) and
the total number of red edges R. The entire
set of edges will be denoted E.

Definition 7. We define the following
quantities:
= ded(y, v) = the number of pairs of red
edges (a,a"), (b, b”) such that a precedes &
in some block in # and & precedes 2" in
some block in v. Also

Dl 2> A ().
= sy, v) = the number of pairs of red
edges (a,a"), (b, b”) such that a precedes &
in some block in # and 4~ precedes /" in
some block in v. Also

bl bl
D = > e, ),

= dVue(y, v) = the number of pairs of blue
edges (4, a"), (b, b”) such that a precedes &
in some block in # and & precedes 2" in
some block in v. Also

,,d ,,d
ST =D s (1 0).

This partitions the types of pairs of edges
that can come between two blocks. Final-
ly, we define D = Dred + Dblee and S = S,
We would like to establish some results
concerning the enumerations of various
sets of edges.

Lemma 18. Dred —_Sred = —R/2.

Proof. Let B, = Rz, and B, = R,,, and let the
red edges be
(ry, 75 ..., 1) €B, (where t = |lr(u, v)l).

Then the set of red edges must be ordered

set  of ordered

s s 7o ¥y oo, 77g) € B, for some j € [1].

Hence
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2o (o () s v (1) oo -

so digd- sped =

uv uv

lr(u,0)|
-2

. Summing over all pairs z # v, we get that

1
red _ Qred _ red _ ored > _ = —
D - 57 = > e v) - 57 (u,0) 2 5 > [r(u,0)] = - R/2

u#=v

as required.

u#=v

The following lemma is trivial, but we use it enough to make mentioning it worthwhile.

Lemma 19. Assume

PVOO]C' Zﬂ a;i\ _ IZH 2 IZn
=1\ 2 )= 221 4 3/ i

no(ai\ > 42 _ 4
Hence Zi:l (2)' w2

tion about the total number of edges. Using
the size of the alphabet, we can get a nice

lower bound on |EI.

Lemma 20. Assume d 22%
. ThenlEl= #

Proof. Let a,; be the number of times letter 7
appears in any word. Then [£]= 1 (%).
But =, 4, is the total number of letters
appearing, which we know to be 7zd, so
Lemma 19 implies that

m?d’
2n

|E| 2 - %. Sinced 2 22

Since d =27, the desired inequality stands.

n n a;
Zi=1 a;= A. Then Zi=1 <2) 2
a; 2 %Z:’il

ISIES
Sl ey
[T

( 4>2_ a by Jenson’s inequality.
n 2

as required. Finally, we would like to have some informa-

3.3 The Procedure

We define the following procedure: At step
i = 0, each circular sequence will have one
block (the endpoint can be chosen arbitrari-
ly) so, by definition, all edges will be red. At
step i > 0, we will divide each of the current
blocks into two equal halves (each with size
£) and assign the edges the appropriate col-
ors.

Definition 8. We let R, be the number of
red edges at step i and let ai = R;| - R,
Since Ry = 1EIl and Ry, ; = 0, we have that
?jﬁd A; = |El. We let D; be the value D at
step 7 and similarly S; the value S at step 7.

Lemma2l. D;-S;s &
Proof. Let k = £ (the block size) and let b,

be the number of times «x follows y in some
block. Then

213
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hd Zky (by + bye) = f %(ﬁ ) (this counts all pairs)

=»> D Z X<y yx
> 5= (b’%') + (7).

HenceD; - S; = %Zky bx)’ (b - byx)z < %m%(/;)s %mdk
Lemma 22. e 2 % - % Proof. Let X = {i : i = 8m2}. Then by Lem-

ma 22, we have that
Proof. At round i, there are D, blue edges ~ We would like to show that a lot of edges
which were red edges in the previous round.
Since they were red, they came from at 2
Dl;lue 2> {

A: .
most 722 pairs of blocks, so now they come 167,;2 forie¥ NX
from atmost 4m?2 pairs of blocks. Let A, v) 0 forieY \ X
be the number of edges from # to v that
changed colors. Then
are counted by rounds which fall into the set
Y N X. Using the fact that 1Y\ X| =< log =,
Dl 2 Z (0) (A’(Z”"“)) we have

But since

so Lemma 19 gives us the required Z
A= D A =D A,

inequality. - 8m* logn

ieYnX ieY iEV\X

Lemma 23. Let d = 16Vnlogn + 22

|El = &m? a0d 22 > 256nloen
and let Y C [logd] such thatE ey Ai 2 lE—‘ o ¢
|E|

we have that gy,2 logn & —

8
Then Z \/_ \E|
Dblue > E|
er Hence Zz‘EYﬁX A, 2 -
So placing this into a final sum, we have
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Lemma 24.
d 216 Vnlogn+ 22 and let ¥ C [logd]
such thatZiEY Ai 2 @

Then Z 2i/2D1;lzte > ‘E‘Z

21042

i€Y

Proof. By Cauchy-Schwarz,

X
Zzi/ZDll_zlue Z 9 -2 Z( Z D 2.
ey ier i€r

Plugging in Lemma 23 and the fact that

Z 154

-i * -i/2 <
ey 2SS YT 22 S 4
we have the required inequality.
Finally, we have the tools necessary to
prove the promised theorem. We do not

optimize for the constant here.

Theorem 25. d < 64Vnlogn + 512

Proof. If d S164/nlogn + 27 the result
is trivial, so assume not.

Let Y = {i:Dr - Sred 20}.

We consider two cases:

D s, 2

Since for each

= Y, D;’ed _ S;‘zd 2 0, we have that Dflue < Dllylue + D;‘ed _ S;’ed -

D; - S;. Using this fact and Lemma 21, we have

Zzi/ZDllylm' S Zzi/Z(Di _ Sl) S ZZ J/meZ

i€Y i€Y

Again, Z oy

and by Lemma 24, we have the inequality

‘L'Z < 4ond?
21%m? " Now using Lemma 20,
we get that m =228 7

2.
|E]|
Z jaEYAz' 2 5

i €Y, S - Dre 20, it makes sense to

277 < 4,

Since for each

consider the sum \/Df’”f - \/5,-’ “ =D -
i€Y

When

nylue S Sl'('ed - D;‘gd’ VDIUNE - \/S;ed - D;_‘ed S 0.

ey
Otherwise piiu 2 gred — Dred, so

/Dllylue — \/Sl'red — D:jed S -\/

/ Dl 4 pred = Gred <2 -i/z\/;Z d

by Lemma 21. Hence in both cases, we have

\/ngzue - \/ Sred = pred < -2 \/]Tm

and therefore

Z oy ‘\/Dll_rlue - \/S;‘ed - D;fed S 4\/7_”d
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Now by Lemma 18,

Dped — Sred 2 -Ri 2 — |E|/2 so\/S;'fd - Dy S4B

Combining this with Lemma 23 gives the inequality

E
% _ longE S Z \/Dflm' - \/Slred - D;’ed S 4\/7—7%1
iEY

Thus either/\_E| < 32mlogn or

|E|l < 64m’/2d. Plugging in Lemma 20, the
first inequality yields 4 <2°Z=.

Since these two cases partition all possibil-
ities, the theorem holds.

3.4 Additional Proof

Here we present an additional observation
concerning this problem. It give an upper
bound for the number of red edges possible
with respect to the block size. When the
block size gets lower than Vd, this estimate
far exceeds the estimate used in the proof of

Theorem 25 where we took Ri < |E|. For
larger sized blocks, however, the bound is so
bad that it is not worth using. We present it

B/

so |El < 2lullT,12/3. But we know that
|El = 21T,!lult which implies that |7,
=lul33t Plugging in this new inequality
gives |El = Zcp, lv N ul < 2lul32 as
required.

2k'-1 k

Z|V(u, v)| = Z cil +
i1

() i=2 kt

216

|E|/|B"|\ < deg(v)\ < (14| |A
(1) < 5 (450) 5 (1) < 2

here just in case it turns out to be useful in
future investigations into this problem.

Lemma 26. Let B, be a block size k and let T,
be a set of circular sequences such that for all
vET,, lu N viz 2lul’ where t < 1. Then

ud

2o 1o Nul N 21ul3-2,

Proof. Consider the bipartite graph G=AUB
where A is the set of elements in u and B is
the set of sequences in T, U # and where an
edge (4, b) exists if and only if sequence # con-
tains element 4. We know that G can contain
no Kj; ;, but since the vertex corresponding to
u is adjacent to all of the vertices in A, we can
say that G'= A4 U B"where B"= T, can con-
tain no Kj,. Hence, by counting edges,

| 3

Lemma 27. Assume all sequences have a fixed
block size of k, and let t < 1. Then
R < 4m3/34153p23,

Proof. Denote by c; the number of pairs (#,
v) such that IRz, N vl = 7. Then

Z cii S 2fk + ZZZ k3

u By
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where the second sum comes from
Lemma 26.

But Zu ZB” sz% , so the total is at
most 2kt + 2mdk?>.

Now, given %, choose t so that

m?kt=2dmk>?. Then by the AM-GM
equality, me2kt+m2kt+2mdk?-21=3 2m’ dk2)\/3,
so R = 4m353d153}23 as required.

References

4. Acknowledgements

The author would like to thank the Ful-
bright Commision for making this research
possible. This opportunity has changed his
life in many ways and much of the credit
should go to this program. He would also
like to thank the Rényi Institute for allowing
him to be a part of their community and to
gain such invaluable experience. Lastly, he
would like to thank Gédbor Tardos, who was
both an inspiration and a mentor for the
entire year. None of these results could have
happened without his thoughts and his time,
both of which he gave without hesitation.

[1] N. Alon and E. Friedgut, On the number of permutations avoiding a given pattern, J.

Combin. Theory, Ser. A 89 (2000), 133-140.

[2] M. Béna, Exact and asymptotic enumeration of permutations with subsequence conditions,

Ph.D. thesis, MIT, Cambridge, MA, 1997.

[3] , The solution of a conjecture of Stanley and Wilf for all layered patterns, J. Combin.

Theory Ser. A 85 (1999), 96-104.

[4] Z. Fiiredi and P. Hajnal, Davenport-Schinzel theory of matrices, Discrete Math. 103 (1992),

233-251.

[5] M. Klazar, A general upper bound in extremal theory of sequences, Comment. Math. Univ.

Carolin. 33 (1992), 737-746.

[6] , Counting pattern-free set partitions I: A generalization of Stirling numbers of the

second kind, Europ. J. Combin. 21 (2000), 367-378.

[7] , Counting pattern-free set partitions II: Noncrossing and other hypergraphs, Electron.

J. Combin. 7 (2000), no. R34, 25 pages.

[8] , The Fiiredi—Hajnal conjecture implies the Stanley—Wilf conjecture, Formal Power
Series and Algebraic Combinatorics (D. Krob, A. A. Mikhalev, and A. V. Mikhaleyv, eds.),

Springer, Berlin, 2000, pp. 250-255.

[9] R. Pinchasi and R. Radoiti¢, On the number of edges in geometric graphs with no selfintersecting

cycle of length 4, Towards a Theory of Geometric Graphs (Providence, RI)

(J. Pach, ed.), Contemporary Mathematics, no. 342, AMS, 2004.

[10] G. Tardos, On 0-1 matrices with several excluded submatrices, manuscript (2004),

http://www.renyi.hu/"tardos/papers.html.

[11] J. West, Permutations with restricted subsequences and stack-sortable permutations, Ph.D.

thesis, MIT, Cambridge, MA, 1990.

217




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness false
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile (None)
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages false
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages false
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages false
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /FlateEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /ENU ([Based on '[Press Quality]'] Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /ExportLayers /ExportVisiblePrintableLayers
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks true
      /AddPageInfo true
      /AddRegMarks true
      /BleedOffset [
        14.173230
        22.677170
        14.173230
        22.677170
      ]
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MarksOffset 14.173230
      /MarksWeight 0.250000
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PageMarksFile /RomanDefault
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
    <<
      /AllowImageBreaks true
      /AllowTableBreaks true
      /ExpandPage false
      /HonorBaseURL true
      /HonorRolloverEffect false
      /IgnoreHTMLPageBreaks false
      /IncludeHeaderFooter false
      /MarginOffset [
        0
        0
        0
        0
      ]
      /MetadataAuthor ()
      /MetadataKeywords ()
      /MetadataSubject ()
      /MetadataTitle ()
      /MetricPageSize [
        0
        0
      ]
      /MetricUnit /inch
      /MobileCompatible 0
      /Namespace [
        (Adobe)
        (GoLive)
        (8.0)
      ]
      /OpenZoomToHTMLFontSize false
      /PageOrientation /Portrait
      /RemoveBackground false
      /ShrinkContent true
      /TreatColorsAs /MainMonitorColors
      /UseEmbeddedProfiles false
      /UseHTMLTitleAsMetadata true
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


